Abstract: There has been considerable technological interest in high-entropy alloys (HEAs) since the initial publications on the topic appeared in 2004. However, only several of the alloys investigated are truly single-phase solid solution compositions. These include the FCC alloys CoCrFeNi and CoCrFeMnNi based on 3d transition metals elements and BCC alloys NbMoTaW, NbMoTaVW, and HfNbTaTiZr based on refractory metals. The search for new single-phase HEAs compositions has been hindered by a lack of an effective scientific strategy for alloy design. This report shows that the chemical interactions and atomic diffusivities predicted from ab initio molecular dynamics simulations which are closely related to primary crystallization during solidification can be used to assist in identifying single phase high-entropy solid solution compositions. Further, combining these simulations with phase diagram calculations via the CALPHAD method and inspection of existing phase diagrams is an effective strategy to accelerate the discovery of new single-phase HEAs. This methodology was used to predict new singlephase HEA compositions. These are FCC alloys comprised of CoFeMnNi, CuNiPdPt and CuNiPdPtRh, and HCP alloys of CoOsReRu.
Introduction
High-entropy alloys (HEAs) have attracted worldwide attention from the materials science and engineering community since the first few papers on the subject were published in 2004 [1, 2] and 2005 [3, 4] . Although HEAs originally referred to multi-component (N ≥ 5) solid solution phases with equal or near-equal molar ratios [1] , the vast majority of the published reports concern multi-phase alloys rather than single-phase solid solution alloys. In this scenario, multiple principal elemental partitioning between the different phases reduces the configurational entropy of each phase. To date, only a few compositions have been reported that result in a single-phase solid solution. They either have a face-centered cubic (FCC) or body-centered cubic (BCC) structure, depending on their constituent elements. The FCC alloys, including CoCrFeNi [5] and CoCrFeMnNi [2] , are based on 3d transition metals. The BCC alloys, including NbMoTaW [6, 7] , NbMoTaVW [6, 7] , and HfNbTaTiZr [8] , are based on refractory metals. Effort has been made to fabricate hexagonal closed-packed (HCP) HEAs, but without success [9] .
Zhang et al. [10] proposed empirical rules based on liquid enthalpy using the Miedema model [11] and atomic size difference after surveying a wide range of alloy compositions. They claimed that an enthalpy value range between −15 and +5 kJ/mol and an atomic size difference of less than 5% favors solid solution phase formation. The statement makes general physical sense and can be viewed as an extension of the Hume-Rothery rules of binary systems to multi-component systems. Too large a negative enthalpy of formation causes formation of intermetallics, while too positive an enthalpy often results in phase separation into terminal phases with low mutual solubilities. However, these enthalpy values from the Miedema model are not accurate, and thus more reliable enthalpy data for different structures (BCC, FCC, HCP) from density functional theory (DFT) and CALculations of PHAse Diagrams (CALPHAD) modeling are needed. Secondly, there exist many compositions that satisfy these rules but form multi-phase alloys instead. This indicates the necessity of developing more restrictive criteria (e.g., at atomic level) for single-phase solid solution formation.
Recently Guo et al. [12] claimed that FCC solid solution are stable at higher valence electron concentration (VEC) (≥ 8) and lower VEC (< 6.87) for BCC solid solution. This conclusion is consistent with the general trend of VEC vs. crystal structure for pure metallic elements in the periodic table. This effective VEC parameter can be viewed as complementary to the criteria of Zhang et al. [10] . The reason is simple: mixing FCC (BCC) elements with high (low) valence electrons in equal atomic ratio does not always guarantee it will form a FCC (BCC) solid solution.
Lack of an effective scientific-based means for predicting solid solution phase formation in multi-component systems is one of the main reasons why only a limited number of single-phase HEAs have been reported and studied (two FCC and three BCC alloys compositions). This constitutes the motivation of this study: to develop a computational approach for predicting single-phase HEA compositions. The approach outlined in this report uses predictive ab initio molecular dynamics (AIMD) simulations to investigate the nature of interatomic interaction and the CALPHAD method for calculating multi-component phase diagrams. By combining the computational simulations with inspection of existing binary and ternary phase diagrams, new single-phase FCC and HCP multicomponent solid solution HEA compositions were predicted.
Computational Methodologies
A distinct advantage of AIMD simulations is their predictive nature, since they are based on quantum mechanics. Consequently the development of empirical interaction potentials, which need to be fitted against experimental or DFT data in classical MD simulations, are no longer needed. Since the DFT method calculates the instantaneous forces acting on atoms, AIMD simulations [13, 14] can be used to predict individual atomic trajectories of solids or liquids held at a constant elevated temperature. However, the tradeoff is the very high computational cost, limited to small systems (typically several hundred atoms) and a short period of time (~ 10-100 ps). The diffusion rate in the solid state is orders of magnitude smaller than that in the liquid state, and hence it is usually difficult to equilibrate the system in the solid state (e.g., phase transformations). Previous work by Kao et al. [15] using the tight-binding method indicates that the melt-quenched alloys tend to show a liquid-like solidified structure when there are five or more elements, favoring high-entropy phase formation.
The AIMD simulations were performed using the plane-wave pseudo-potential software, Vienna Ab Initio Simulation Package (VASP) [16, 17] . Projector augmented-wave (PAW) potentials [18] were used as supplied with VASP. The revised Perdew-Burke-Ernzerhof [19] gradient approximation to the exchange-correlation functional was used. Cubic supercells of 200 atoms that correspond to the compositions of Al 1.3 CoCrCuFeNi [20] , HfNbTaTiZr, and CuNiPPdPt [21] were built. The choice of these three representative compositions is that they form multi-phases, single-phase solid solution, and amorphous structure upon cooling from liquid respectively. Note that there are four phases in CuNiPPdPt at T = 630 K [21] while the amorphous structure can only be obtained using fast cooling rate. All the calculations were carried out in a canonical ensemble, i.e., constant mole, volume, and temperature, with atomic-configuration relaxation and temperature controlled by a Nose thermostat [22] . This arrangement requires the accurate determination of the densities of the liquid and solid. This is achieved by adjusting the volume of the cell so that the pressure is zero to reach equilibrium. The simulations were performed at the  point only (i.e., the origin of the first Brillion zone), with a time step of 1 fs. A "medium" precision setting, as described in VASP, was used. The electronic-energy-convergence criterion was set to 1 × 10 −4 meV/at. AIMD simulations were performed at temperatures of 1,873, 2,273, and 1,200 K for a total simulation time of 30, 35 , and 30 ps with the plane-wave cutoff energy set at 273.2, 223.7, and 273.2 eV for Al 1.3 CoCrCuFeNi, HfNbTaTiZr, and CuNiPPdPt respectively. Phase diagram calculations were done using the TTNI-8 database supplied with the ThermoCalc software [23] although other databases such as SSOL5 and TCNI5 were also tested and compared.
Results and Discussions

AIMD Simulations
The simulated partial correlation functions of Al 1.3 CoCrCuFeNi at 1,873 K are shown in Figure 1 . Note that the preferred correlation for both Al and Ni is the Al-Ni pair, the Cr-Fe pair for both Cr and Fe, the Co-Cr pair for Co, and the Cu-Cu pair for Cu. These results suggest the existence of preferred short-range ordering of Al-Ni, Co-Cr and Cr-Fe pairs in the liquid. These structural features in liquid are consistent with experimental observation of formation of B2-NiAl [20, 24] and Cr-Co-Fe rich phase [20, 25] during solidification. The preferred Cu-Cu pair correlation suggests Cu tends to segregate in the liquid.
This leads to the formation of a Cu-rich phase during solidification, which is also consistent with experimental observations [4, 20, 24] . For alloys with high Al contents (x > 0.5), multiple phases (FCC, BCC and B2) have been also observed to form [4] . For example, Singh et al. [24] using three-dimensional atom probe has confirmed the presence of Cu-rich precipitates, Al-Ni-rich plates, and Cr-Fe-rich in the cast AlCoCrCuFeNi HEA. The close correlation between short-range ordering and segregation in liquid and phase formation during solidification demonstrates the important role of liquid structure in the development of the solid state microstructure of HEAs. In other words, single-phase solid solution HEAs are promoted by compositions in which preferred short-range ordering and segregation are absent in the liquid structure. This is exactly the case of HfNbTaTiZr. As shown in Figure 2 , the simulated partial correlation functions of HfNbTaTiZr at 2,773 K are uniform, suggesting that the atoms are much more randomly distributed than the case of Al 1.3 CoCrCuFeNi. As a result, a single BCC phase forms in the solid state. Figure 3 plots the pair correlations in high-entropy bulk metallic glass (HE-BMG) CuNiPPdPt. The result contrasts Al 1.3 CoCrCuFeNi and HfNbTaTiZr remarkably. The inclusion of metalloid element P causes strong Ni-P pair correlation, followed by Pt-P, and then Pd-P. The bond length of Ni-P pair in liquid is ~ 2.2 Å which is noticeably shorter than the metal-metal bonds because a P atom has much smaller diameter than the metals (Pd, Pt, Ni, and Cu). Note that this distance is fairly close to the Ni-P bond-length of tetragonal Ni 3 P which is 2.3 Å. The distance for the nearest P-P pairs is about 3.9 Å, indicating P atoms are well separated from each other. Based on the significant contrast among pair correlations shown in Figure 3 , intuitively one would expect formation of Ni-P intermetallic phase as the primary phase during solidification, not a solid solution phase. While there is no report in phase diagram or equilibrium solidification of this alloy, Takeuchi et al. [21] studied the glass forming ability of this alloy and they were able to cast an amorphous cylinder of 10 mm in diameter. Annealing the ascast BMG at T = 630 K for 2.4 ks results in formation of a mixture of four phases, namely tetragonal Ni 3 P, FCC Ni 2 Pd 2 P, FCC (Ni, Pd) solid solution, and cubic PtP 2 . Details of the crystal structure and lattice parameters of these phases can be found from [21, 26] . By examining the atomic trajectory, the diffusion constants can be obtained by plotting the mean square displacement (MSD) versus time using the following equation:
where is the self-diffusion constant of species i, and and 0 denotes the atomic position of species i at time t and t = 0 respectively. The brackets denotes an average over all the same species. The plots are linear (not shown), and the predicted diffusion constants are listed in Table 1 . The difference in self-diffusion constants among these three alloys is dictated by the simulation temperatures. High temperatures correspond to high diffusivity. Comparison of diffusivities with respect to atomic radii and atomic weight are shown in Figure 4 . For Al 1.3 CoCrCuFeNi, Cu is the fastest diffusion species and its diffusivity is about 31% higher than Al or Fe. Cu segregation enhances Cu diffusivity, while strong correlation between Al and the transition metals (Ni, Co, Cu) and large atomic size of Al make contributions to slower diffusion rate of Al. For HfNbTaTiZr, Ti diffuses the fastest, while Hf the slowest. Although Ti has similar atomic size to Nb and Ta, its atomic weight is the lightest. The trend in the diffusion constants in the descending order (Ti > Nb ~ Zr > Ta > Hf) seems to follow the order of the atomic size and weight of the constituent elements, further confirming lack of strong chemical ordering or segregation. For CuNiPPdPt, P has the smallest atomic size but its diffusivity is noticeably smaller than Cu which has the highest diffusivity. This is a direct consequence of strong bonding between P and metals. Furthermore, ongoing AIMD simulations by the authors on other HE-BMG that do not contain metalloids such as CuHfNiTiZr [27] also clearly show preferred pair correlations between the Hf/Ti/Zr group and the Cu/Ni group (not shown). In summary, in single-phase HEA of HfNbTaTiZr, the diffusivities seem to correlate with the atomic size and weight, while for multiphase Al 1.3 CoCrCuFeNi and HE-BMG of CuNiPPdPt and CuHfNiTiZr, chemical interaction plays a big role in addition to atomic size. 
CALPHAD Calculations
While AIMD simulations can help reveal atomic structure and diffusion constants in the liquid, the results are indirectly linked to HEA formation. The competing phases in the solid state are equally important, and thus the phase relationships (namely phase diagrams) need to be determined. Unfortunately, there is very limited phase diagram information available on HEAs and only from recent studies [4, 29] . Although various commercial databases have developed via the CALPHAD method since 1970s, database development targeted for HEAs is also limited to the study by Zhang et al. [30] and Senkov et al. [31] .
In the following examples, thermodynamic calculations are carried out to show how solid solution phase becomes stabilized against intermetallic  phase as more favorable components are added to the system. The space group notation for  phase is P4 2 /mnm with Pearson symbol of tP30. It is a very stable compound in Co-Cr binary [26] ; it decomposes at 1,282° C and has a homogeneity range of 59-73 at% Cr even at 600° C [26] .  phase is also stable in Cr-Fe but only within a narrow temperature range of 520-840° C [26] . Figure 5 shows how the isothermal section at 900° C evolves with respect to the alloy system using the TTNI8 database. For the Co-Cr-Fe ternary system, FCC solid solution phase dominates at low Cr contents only. This is understandable since Cr has a BCC structure and is known as a strong BCC stabilizer in steels. Binary CoCr 2  phase has large solubility for Fe and thus it extends greatly into the ternary. Adding Ni to the ternary significantly expands the phase field of FCC phase, suggesting the importance of configurational entropy of the solid solution against  phase. The largest FCC phase field at 900° C occurs in Co-Fe-Mn-Ni, followed by Co-Cr-Fe-Ni and then Co-Cr-Fe-Mn-Ni. Co, Mn and Ni are known potent FCC stabilizers in steels. Another useful calculation is the phase mole fraction plot as a function of temperature at fixed composition, as shown in Figure 6 . Such plots provide not only the melting point and the temperature range over which the single-phase solid solution phase prevails, but also possible competing intermetallic phases. Only addition of those elements that will stabilize the solid solution phase and destabilize intermetallics formation will effectively enhance HEA formation. Such information is not available if the database does not have physically-based descriptions of these phases, however, AIMD simulations and DFT calculations can be used to assist deriving these descriptions. Since the TTNI8 database does not cover all the constituent ternaries of those HEA systems, they are crude for HEA design in that sense and the calculated results should be treated with great caution. However, the CALPHAD calculations as shown in Figures 5 and 6 still offer valuable information on alloying strategy and can be used to guide experiments in terms of tailoring composition and heat treatment.
Hints from Existing Binary and Ternary Phase Diagrams
While CALPHAD can provide useful prediction of phase diagrams to guide experimental design and processing, such calculations are at the most semi-quantitative because of incomplete databases that either do not have thermodynamic descriptions for all edge binaries and ternaries, or are only valid for compositions near one or two principal elements. As a matter of fact, most commercial thermodynamic databases are developed for traditional alloys that are based on one or two principal elements such as Al-, Mg-, Fe-, Ni-and Ti-based alloys, and thus simple extrapolation of these databases into the center of the phase diagrams requires experimental verification. On the other hand, developing thermodynamic databases for HEA systems is also difficult because of a lack of experimental phase diagram information and relevant thermo-chemistry data in these systems.
However, comparison between experimentally reported single-phase HEAs (including CoCrFeNi, CoCrFeMnNi, NbMoTaW, NbMoTaVW, and HfNbTaTiZr) and available phase diagrams [26] suggests that addition of FCC (BCC) stabilizers to a multi-component FCC (BCC) solid solution phase will likely stabilize that phase provided such addition does not promote formation of too stable intermetallics. This conclusion also applies to HCP solid solution alloys. Note that the term "stabilizers" does not mean that they need to have the same crystal structure in their elemental states as the solid solution phase. For example, Al has a FCC structure, but it is a known BCC stabilizer in various multi-principal-element alloys based on 3d transition metals [32] . The mechanisms are discussed in detail from the viewpoints of lattice-strain energies and electronic bonds as well as CALPHAD calculations of lattice stability between BCC, FCC and intermetallic compounds [32] . Likewise, the fact that FCC CoCrFeNi and CoCrFeMnNi alloys have 25 at% and 20 at% solubility for Cr does not alter the nature that Cr is a BCC stabilizer in these systems as illustrated in [30] using CALPHAD method. Rather, it demonstrates the importance of entropy pertaining to solubility; high entropy promotes solubility. In fact, the FCC phase field is much wider in Co-Fe-Ni and Co-Fe-Mn-Ni systems than Co-Cr-Fe-Ni and Co-Cr-Fe-Mn-Ni systems (see Figure 5 ) because addition of Cr promotes formation of stable intermetallic phases such as  phase in addition to BCC.
FCC/BCC/HCP stabilizers for a specific solution phase can be obtained from existing binary and ternaries wherever available [26] , and DFT calculations can be carried out to predict the enthalpy of formation as a function of arbitrary composition. In the case of refractory metal HEAs such as NbMoTaW and NbMoTaVW, the elements all have a BCC lattice and are all strong BCC stabilizers. In the case of HfNbTaTiZr, Ti, Zr and Hf all have a HCP lattice at low temperatures and a BCC lattice at high temperatures. They all form isomorphous solid solution with Nb and Ta (only at high temperatures for Zr/Hf with Nb/Ta) and can be regarded as BCC stabilizers in this case. However, addition of Cr to these refractory metal-based HEAs causes formation of the C15 Laves phase (FCC, prototype MgCu 2 ) [31, 33, 34] and formation of two BCC solid solution phases [31, 34] . Since Cr has much smaller atomic radii than other refractory metals, their work [31, 33, 34] indicate the importance of small atomic size difference [10] in HEA design.
Most reported HEAs have centered on 3d transition metals Co-Cr-Fe-Mn-Ni with addition of Al, Si, Ti, Nb, Mo, etc. Through an analysis of this system and others employing the methodology described above, several new HEA compositions are predicted that should form a single-phase alloy from conventional solidification processing methods. These compositions are based on ongoing AIMD simulations by the authors, CALPHAD calculations such as shown in Figures 5 and 6 , and existing binary and ternary phase diagrams [26] . The FCC compositions are: CoFeMnNi, CuNiPdPt, and CuNiPdPtRh. Formation of FCC HEA for CoFeMnNi is expected since Co, Mn and Ni are all FCC stabilizers in steels. The present authors noticed a recent study by Praveen et al. [35] reported formation of single-phase FCC in CoFeMnNi using mechanical alloying technique, but it is worth noting that they also observed  phase formation in CoCrFeNi which is contradictory to [5] . Confirmation of the single-phase nature of FCC solid solution via solidification is currently being conducted.
As for CuNiPdPt, these elements all have a FCC crystal structure, and Ni, Pd and Pt are located in the same column in the periodic table. As a result, an isomorphous solid solution forms in all six edge binaries. While there are no compound formation in Ni-Pd, Pd-Pt, and Cu-Ni binaries, ordered structures form in the others at lower temperatures. Since Rh also forms isomorphous solid solution with Cu, Ni, Pd and Pt (only at higher temperatures for last three), it is not impossible that a single-phase FCC solid solution forms for CuNiPdPtRh.
Finally, based on available binary [36] and ternary phase diagrams [26] and ongoing AIMD simulations (not shown), CoOsReRu is expected to be a single phase HCP alloy. Examination of the six end binaries [36] indicates the formation of isomorphous HCP solid solution at room temperature with no intermetallic phase formation ( Figure 7 ). An early study on the Co-Re-Ru ternary shows formation of HCP isomorphous solid solution in the system [37] . 
Conclusions
The present study examined the liquid structures of three example alloys, namely Al 
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